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Application I: Constrained Optimization
mingey f(z) +r(x) s.t. gi(x) <0, Vi€ [n]
f is p-strongly convex (s.c.) and L-smooth on X
r is CCP with an easily computable proximal operator.

>
>
> For each ¢ € [n], g; is convex and a;-smooth on X'.
>

Slater condition holds = no duality gap and an optimal
primal-dual pair (z*, \*) exists.

miy e {S(2,A) = f(2) +r(x) + (I/n)Zindigi(x)}  (Lag)

> Any saddle point of (Lag) is an optimal primal-dual pair.

> R’ is unbounded: allowed since different convergence criteria
(other than duality gap) is used.
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> Set D of m objects consisting of two unknown disjoint subsets
D1 UDy =D

> n noisy samples {S;};"; of D consisting of m objects with kernel
matrices {K;};_; C ST

> Find a label kernel matrix M € S'! that assigns z € D to Dy or Do

min  max —Z{ (AT KoM—i—oeI)—}—Z)\T}
MeM N\;eA,Vie[n] 1

where

M= {M e ST : diag (M) = e, |7 M| <1}
A={AeR":0<\ <C,Vie[m]}

[,C : finite constants

Hien, Zhao and Haskell (2018) 5/26



Application III: Distributionally Robust Optimization

Hien, Zhao and Haskell (2018)



Application III: Distributionally Robust Optimization

> Convex and compact decision set X C R

Hien, Zhao and Haskell (2018)



Application III: Distributionally Robust Optimization

> Convex and compact decision set X C R

> Random variable £ with realizations Z:={¢&;,...,&,}

Hien, Zhao and Haskell (2018) 6 /26



Application III: Distributionally Robust Optimization

> Convex and compact decision set X C R
> Random variable £ with realizations Z:={¢&;,...,&,}

> Convex and compact distributional uncertainty set P, each
element P is a probability distribution with support =

Hien, Zhao and Haskell (2018)

6/26



Application III: Distributionally Robust Optimization

> Convex and compact decision set X C R
> Random variable £ with realizations Z:={¢&;,...,&,}

> Convex and compact distributional uncertainty set P, each
element P is a probability distribution with support =

> For each ¢ € [n], p;-strongly convex loss function f(-,&;)

Hien, Zhao and Haskell (2018) 6 /26



Application III: Distributionally Robust Optimization

> Convex and compact decision set X C R
> Random variable £ with realizations Z:={¢&;,...,&,}

> Convex and compact distributional uncertainty set P, each
element P is a probability distribution with support =

> For each ¢ € [n], p;-strongly convex loss function f(-,&;)

n

i s 2 pif (2,60
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continuous on A, such that for any £ € E3 and 7 > 0,

minyep h(A) 4+ (€, A) + 77 w(N) (BPP)
has easily computable solution.

The same applies to the (non-smooth) function g.

Hien, Zhao and Haskell (2018) 8/26



Background (Smoothing)

For any (z,\) € X x A, define
Sp(x, N) :=5(xz, A) — pw (N) (Regularized saddle func.)
OF (@):mmaxy e ®(z, X) — h(A) — po()
U (2) i=macrenSy(@ )
=f(z)+g(z) + @E(w) (Smoothed primal func.)
Ay(z, )\)::w};(:ﬁ) — P (N) (Smoothed duality gap)

Hien, Zhao and Haskell (2018) 9/26



Background (Smoothing)

For any (z,\) € X x A, define
Sp(x, N) :=5(xz, A) — pw (N) (Regularized saddle func.)
p (2):=maxyen® (@, ) — h(X) — pw(})
U (2) i=macrenSy(@ )
=f(z)+g(z) + ﬂg(w) (Smoothed primal func.)
Ay(z, )\)::w};(:ﬁ) — P (N) (Smoothed duality gap)

Recall P (\):=mingey f(z) + g(z) + ®(z,\) and f is p-s.c. on X.
Define z*(\):=argmin,c v f(z) + g(z) + ®(x, A).

Hien, Zhao and Haskell (2018)

9/26



Background (Smoothing)

For any (z,\) € X x A, define
Sp(x, N) :=5(xz, A) — pw (N) (Regularized saddle func.)
Uy (@)=maxrea®(@, A) = h(A) — pw())
U (2) i=macrenSy(@ )
=f(z)+g(z) + ﬂg(w) (Smoothed primal func.)
Ay(z, )\)::w};(fv) — P (N) (Smoothed duality gap)

Recall P (\):=mingey f(z) + g(z) + ®(z,\) and f is p-s.c. on X.
Define z*(\):=argmin,c v f(z) + g(z) + ®(x, A).

Lemma 1 (Smoothness of ¢P)
The function ¥ is differentiable on Eo and VP () = Vad(z*(N), \),
for any A € Ey. In addition, V¢ is Lp-Lipschitz on Ea, where

Lp =Ly + 2L§\x/”
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Deterministic Smoothing Framework (DSF')

Input: po: smoothing parameter; {1y },~q, {7k },>o: error sequences;
{7k} w>0: interpolation sequence; Ny, Ns: deterministic first-order solvers

Initialize: 2° ¢ X, A c A and k=0

Repeat (until some convergence criterion is met)
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mingex {P(z, \):=f(z) + g(z) + ®(z,\)} (PS)

> (PS) is p-s.c., (L + Lgz)-smooth, composite.
> The constraint set X' is compact.
> Use optimal first-order solver, e.g., APG in [Nesterov’13].

> kx:=(L 4 Lgz)/p and Dy:=max, zex || — 2| < 400, then
—2(N-1)

P, A) = P*(\) < Lp (1+ Vkx/2) D2

N >|(fExlog (LpD% [e)| = P@E", ) - P*() <.
No need to know P*(\) or x*(\)!
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Outer Iteration Complexity

Theorem 2 (Outer Iteration Complexity of DSF)
If we choose py = 8Lp (Lp = Ly +2L3 /1) and for any k € Z,

T = k+1 = and - (1)
ks T 4k + ) T Ak 1 3)

then for any starting point (29, \°) € X x A and K € N,

32Lp D% + 2A(a% \0) ¢
K \K\ < DA ) i
AT A S — i Tk T2
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If we choose py = 8Lp (Lp = Ly +2L3 /1) and for any k € Z,

T = k+1 = and - (1)
ks T 4k + ) T Ak 1 3)
then for any starting point (z°,\°) € X x A and K € N,

32Lp D3 + 2A(2°,\9)
(K+1)(K+2)

A(zE, AK) < + 2. (2)

Thus, to achieve an e-duality gap, the outer iteration complexity is

(\/LD/{:‘ \/L)\)\/E—i-L)\z/\/_)
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Inner Iteration Complexity (Oracle Complexity)

Theorem 3 (Oracle complexity of DSF)

For any starting point (2°,A\°) € X x A, let CL,, and CY, denote the

primal and dual oracle complexities to achieve an e-duality gap,
respectively. Then we have

Cclj:;t =0 <” V rkxLp/elog ((L+ wa)LD/5)> )

Ctli)et = O (n(\/ L)\)\LD/E) log (L)\)\LD/&‘)) .
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Randomized Smoothing Framework (RSF)

Input: po: smoothing parameter; {1y },~q, {7k },>o: error sequences,
{7k} w>0: interpolation sequence; My, Ms: randomized subroutines.

Initialize: 2° ¢ X, A e A and k=0

Repeat (until some convergence criterion is met)
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Initialize: 2° ¢ X, A e A and k=0
Repeat (until some convergence criterion is met)
» Use M; to find \,, ,, (2*) € A such that
E [y, (%) = Sp (2", Apy (&%) | Fro] < as. (rDS1)
> A= (1= ) Ay ().
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Input: po: smoothing parameter; {1y },~q, {7k },>o: error sequences,
{7k} w>0: interpolation sequence; My, Ms: randomized subroutines.

Initialize: 2° ¢ X, A e A and k=0
Repeat (until some convergence criterion is met)
» Use M; to find \,, ,, (2*) € A such that
IE[ ll’)k (xk) -5y, (xk, ka,nk (xk)) | .ka] < as. (rDS1)
> A=A 4 (1= 1) X, (2).
» Use M; to find %, (A¥) € X such that

E[S(&+, (AF),AF) =P (\F) | Fra] < as. (xPS)
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Randomized Smoothing Framework (RSF)

Input: po: smoothing parameter; {1y },~q, {7k },>o: error sequences,
{7k} w>0: interpolation sequence; My, Ms: randomized subroutines.

Initialize: 2° ¢ X, A e A and k=0
Repeat (until some convergence criterion is met)
» Use M; to find \,, ,, (2*) € A such that
E [y, (%) = Sp (2", Apy (&%) | Fro] < as. (rDS1)
> A= (1= ) Ay ().

» Use M; to find %, (A¥) € X such that

E[S(iy, (AF), NF) = P () | Fea] < s,

(rPS)
> oF =k 4 (1 - Tho) Ty, (j‘k)7 Pk+1 = TkPk-
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Randomized Smoothing Framework (RSF)

Input: pg: smoothing parameter; {nk}kzo’ {'Yk}kzo: €rror sequences,
{Tk}kzoi interpolation sequence; M1, My: randomized subroutines.
Initialize: 2° ¢ X, A e A and k=0
Repeat (until some convergence criterion is met)

» Use M; to find \,, ,, (2*) € A such that

IE[ ll’)k (xk) -5y, (xk, ka,nk (xk)) | .ka] < as. (rDS1)
b N=m M+ (1= i) Ay (2F).
» Use M; to find %, (A¥) € X such that

E[S(&+, (AF),AF) =P (\F) | Fra] < as. (xPS)
> 2t = ek 4 (1= 1) 24, (AF), prst = Tipr.

» Use M; to find A, ,, » (zF+1) € A such that

E[¢5k+1 (xk+1) - Sﬁk+1 (xk+17 /N\pk+1777k (xk+1)) ‘ ]:k,Q] <n as. (I‘DSQ)
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Randomized Smoothing Framework (RSF)

Input: pg: smoothing parameter; {nk}kzo’ {'Yk}kzo: €rror sequences,
{Tk}kzoi interpolation sequence; M1, My: randomized subroutines.
Initialize: 2° ¢ X, A e A and k=0
Repeat (until some convergence criterion is met)
» Use M; to find \,, ,, (2*) € A such that
E| ll’)k (2®) — S, (2%, Ny (2F)) | Feo] <mi as. (rDS1)
> A= (1= ) Ay ().
» Use M; to find %, (A¥) € X such that
E[S(&+, (AF),AF) =P (\F) | Fra] < as. (xPS)
> oh =k + (1 - 7)3,, A%, prs1 = Trpk.
> Use M; to find A, s (xk‘H) € A such that

E[¢Ek+1(xk+1) Sﬁk+1( /N\ k+1777k( +1)) ‘]:k,Q] <Mk as. (I‘DSQ)

> AHL=m A (1= i) My e (2FFY), B =k + 1L
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Solving Subproblems Inexactly

mingex {P(r, A)i=f(z) + g(a) + D, N}, B, A) = % PILAERY
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Solving Subproblems Inexactly

mingex {P(r, A)i=f(z) + g(a) + D, N}, B, A) = % PILAERY

> Recall ky:=(L + Ly;)/p. Use optimal randomized first-order
solver, e.g., RPDG in [Lan & Zhou’18], we have

N =Q((n+ nrx)log(1/e)) = E[P(EV,\) — P*(\)] <e.
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Outer Iteration Complexity

Theorem 4 (Outer Iteration Complexity of RSF)
If we choose py = 8Lp (Lp = Ly +2L3 /1) and for any k € Z,

k+1 15

€
then for any starting point (29, \°) € X x A and K € N,

2 29 )0
BlaX, ) < ZPALEEELD) £ )
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Outer Iteration Complexity

Theorem 4 (Outer Iteration Complexity of RSF)
If we choose py = 8Lp (Lp = Ly +2L3 /1) and for any k € Z,

kE+1 15 e

then for any starting point (z°,\°) € X x A and K € N,

Ty =

32Lp D3 +2A(2°, \9) 3 (4)
(K +1)(K +2) 2

E[A (2, ] <

Thus, to achieve an e- expected duality gap, the outer iteration

complexity is O(\/Lp/e) = O(\/Lax/e + Lz /\/1i).
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Inner Iteration Complexity (Oracle Complexity)

Theorem 5 (Oracle complexity of RSF)

For any starting point (x°,\%) € X x A, let CL.. and CR,. denote the
primal and dual oracle complexities to achieve an e-expected duality
gap, respectively. Then we have

Choe=0((n+ WM/L;Dlog (””"LD(”j W)))

:O<<n\/§+ \/nLgﬁ) g (L2200 W)))

CD

stoc
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Comparison of Oracle Complexities

Figure 1: Each ®;(x,-) is concave (not necessarily linear).

Algorithms Primal Oracle Comp.|Dual Oracle Comp.
PDHG-type [HA18] O(n/e) O(n/e)
Mirror-Prox [NemO05] O(n/e) O(n/e)

Det. IPDS O(nv/kx/e) O(n/e)

Rand. IPDS O((n + /nrx)/VE) | O(n/ve+ v/n/e)
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Constrained Optimization Revisited

;%i)rcl fl@)+r(x) st gi(z) <0,Vie[n]

> f is p-strongly convex (s.c.) and L-smooth on X.
> r is CCP with an easily computable proximal operator.

> For each ¢ € [n], g; is convex and a;-smooth on X'.

> Slater condition holds = no duality gap and an optimal
primal-dual pair (z*, \*) exists.
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Constrained Optimization Revisited

;%i)rcl fl@)+r(x) st gi(z) <0,Vie[n]

> f is p-strongly convex (s.c.) and L-smooth on X.
> r is CCP with an easily computable proximal operator.
> For each ¢ € [n], g; is convex and a;-smooth on X'.

> Slater condition holds = no duality gap and an optimal
primal-dual pair (z*, \*) exists.

> T € X is an e-optimal and e-feasible solution if

f(@) = f(z") <&, and [gi(7)]4 <e, Vie[n].
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Lagrangian Form

min seax {S(2,A) = f(2) +r(x) + (I/n)Zinigi(x)}  (Lag)

Although A = R} is unbounded, but
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Lagrangian Form

mig max {S(z,A) = f(2) +r(x) + (1/n)Xilindigi(x)} - (Lag)

Although A = R} is unbounded, but
> The dual smoothing sub-problem has closed-form solution:
(lgi(2)]+/p);y = arg maxyepn 31y Nigi(2) — (p/2) A3

— No need for first-order solver, and frameworks implementable.
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Lagrangian Form

mig max {S(z,A) = f(2) +r(x) + (1/n)Xilindigi(x)} - (Lag)

Although A = R} is unbounded, but
> The dual smoothing sub-problem has closed-form solution:
(lgi(2)]+/p);y = arg maxyepn 31y Nigi(2) — (p/2) A3

— No need for first-order solver, and frameworks implementable.

> Primal sub-optimality and constraint violation are used as
convergence criteria, not duality gap.

> Lge(A) = 32 My is unbounded = Bound || A¥|| adaptively.
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Convergence Rate of DSF for Constrained Opt.

Theorem 6 (Convergence Rate of DSF)

Let (z*,X*) € X x R} be a saddle point of (Lag). If we apply DSF to
solving (Lag), then for any starting point (2°,\°) € X x R",

0 )0
£ — fat) < 22n@ L Ml |

K+ 1)(K+2) 2

Ky o SO+ IXll2) Lo + 8y/LolAp (2% X))+ 4y/Tpe
lgi(=%))s < (K + 1)(K +2) K+1'

for any K € N and i € [m].

Hien, Zhao and Haskell (2018)

21/26



Oracle Complexity of DSF for Constrained Opt.

M =" 0;Dx +infoex||Vgi(x)]|« and o= .
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Oracle Complexity of DSF for Constrained Opt.

M :=3" ja;Dy +infocx||Vgi(z)]l« and «:=>"  q;.

Lemma 7 (Bound on [|A¥||)

If we apply DSF to (Lag), then for any k € N,

I3 ]lse = O(1 + ky/Epi/M).
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Oracle Complexity of DSF for Constrained Opt.

M :=3" ja;Dy +infocx||Vgi(z)]l« and «:=>"  q;.

Lemma 7 (Bound on || A¥||o)
If we apply DSF to (Lag), then for any k € N,
[8¥ oo = O(1 + ky/Z7a/M).

Theorem 8 (Oracle Complexity of DSF)

For any starting point (2°,\°) € X x R, the oracle complexity of DSF
to obtain an e-optimal and e-feasible solution is

0(% (L +a)/plog (LZO‘))
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Convergence Rate of RSF for Constrained Opt.

Theorem 9 (Convergence Rate of RSF)

Let (z*,X\*) € X x R} be a saddle point of (Lag). If we apply RSF to
solving (Lag), then for any starting point (2°,\°) € X x R",

VN G\ P
E[f@ ) - S < Get T oy T o

16 (A7 + [X*[l2) Lp + 8/ Lo[Ap (2%, M)y 4/Tpe
Ellgi())+] < KR TY) PR

for any K € N and i € [m].
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Oracle Complexity of RSF for Constrained Opt.

Theorem 10 (Oracle Complexity of RSF)

For any starting point (z°,\°) € X x Ry, the oracle complezity of RSF
to obtain an e-optimal and e-feasible solution is

O<%(ﬁ+ (L+oz)/,u) log (W))

Hien, Zhao and Haskell (2018)
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Thank you!
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